Introduction
It is very well known that every subvariety of codimension one of a smooth hypersurface in P", n ^ 4, is an intersection of this hypersurface with another one. One might ask whether this generalizes in some way to higher codimension. In codimension one the fact follows from the Lefschetz hyperplane section theorem and projective normality of the hypersurface; in general, for a smooth hypersurface W Lefschetz's theorem implies that H 2k (W, Z) is isomorphic to Z and generated by a power of the hyperplane section class if 2k < dim W. However, it is not true that every (even smooth) subvariety X of a smooth hypersurface W such that codim(T, W) < -dim W is an intersection of W with some dim X+ 1-dimensional variety Y:
Example. It is elementary to check that the Segre image of P 1 χ P 3 lies on a smooth quadric in P 7 . Moreover, if we consider a covering/: P 7 -> P 7 , /(χ 0 ,..., Χ Ί ) = (xj,..., x"), then, taking a sufficiently general quadric , we get that its inverse image K is a smooth hypersurface of degree 2 n containing a smooth variety X, the inverse image of P 1 x P 3 c Q. If X is an intersection of V and a 5-dimensional variety Yc P 7 , then Υ must have only isolated singularities. Therefore, taking a general hyperplane section, we get X' = F'n T in P 6 , where X' resp. K', T are smooth hyperplane sections of X resp. V, Y. By the Lefschetz theorem, Pic(7') £ Pic(X') s Pic(Jf), and s X is a covering of P 1 x P 3 , Pic(7') cannot be isomorphic to Z. On the other band, Y' is a four-dimensional smooth variety in P 6 , so Pic(7') must be isomorphic to Z by the theorem of Barth and Larsen [L] , a contradiction.
This argument also works for P 1 x P m with m odd and gives m + 1-dimensional smooth subvarieties of 2 w-dimensional hypersurfaces of even degrees which are not cut out on these hypersurfaces by m + 2-dimensional subvarieties of P 2m + 1 . Nevertheless, it still seems to be an interesting question whether every smooth codimension-: subvariety X of a smooth hypersurface W in P n is cut out on W by some codimension-Λ subvariety of P" under some stronger restrictions on k and n than -4 4 k< . If k < -n -l, it would follow from the Hartshorne's conjecture; however, it would be reasonable to expect that the actual inequality should be milder. Here we work out some examples with k = 2; äs the counterexample above shows, n must then be at least 8. For n g; 8, we prove that X must be cut out on W if deg X ^ 3 deg W or if X lies on some (possibly Singular) quadric. The restriction n ^.8 implies Pic(A r )^Z, and we make extensive use of it. However, this is basically the only property of X specific for large dimensions which is used in the proofs; throughout the paper, we work with a general three-dimensional linear section of X. So the results of the first two sections remain valid for threefolds in P 6 and fourfolds in P 7 which lie on a smooth hypersurface and have Picard group generated by the hyperplane section class.
It is also not difficult to see that if we consider a smooth fourfold X in P 7 lying on a generic (in the Noether-Lefschetz sense) hypersurface of degree at least three, there is a version of Barth-Larsen theorem which states that the above condition on Pic(JQ is then automatically satisfied. The details can be found in section 4.
Also, curves lying on a generic hypersurface in P 4 are considered. As Ciaire Voisin showed in [VI] , it is not true that every curve on a generic hypersurface of degree d 0 ^ 6 in P 4 is a complete intersection of this hypersurface with a surface (for d 0 ^ 5 it is obviously false because such hypersurfaces contain lines). However, Xian Wu [W] In this paper, the analogue of this Statement is proved for deg C ^ -^ and it is not required that C is smooth.
Throughout the paper, the ground field is C.
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The case of large dimension: very small degrees
Consider the following Situation: W is a smooth hypersurface of degree d in P n where n is at least 8, A" is a smooth subvariety of W of codimension two. By the Barth-Larsen theorem [L] , Pic(JSf) is isomorphic to Z and generated by the hyperplane section class, and by the Lefschetz hyperplane section theorem, the degree of X must be divisible by d. Let this degree be equal to W, and let k be such that 6 s (k) = 0 S (K S ) 9 where S is a general two-dimensional linear section of X> so S a Fc P 5 with V a hypersurface of degree d. We will also use the notations M (resp. C) for a general 3-(resp. l-)dimensional linear section ofJT.
Remark. By the general theorem of Zak [Z] , every smooth variety of codimension three in P", n ^ 8, is linearly normal. So X is linearly normal, and from the exact sequences of type 0 -> ^ p>"(/-1) -» Λ^ρη(ΐ') -» o^nH Η(ί) -» 0 where ^ c P", // is a general hyperplane and J denotes the ideal sheaf, we can conclude that a general non-zero-dimensional linear section of X is linearly normal s well. In particular, i t is obvious that k cannot be negative: otherwise S must be a Del Pezzo surface of degree 5 in P 5 , and such a surface does not lie on a smooth quintic s a cycle homologically equivalent to the linear section (for example by the self-intersection formula
, where [5] is the homology class of S in F).
(Concerning 3-folds and 4-folds with Picard group Z, s in the Introduction, we remark that, though not all the 3-folds in P 6 and 4-folds in P 7 are linearly normal, the exceptions are classified ( [Z] , [Fuj] ) and none of them has the Picard group generated by the hyperplane section class.)
The purpose of this section is to prove the following result:
where W is a smooth hypersurface of degree d, X a smooth codimension-two subvariety of W and degA"= /· degW with /^ 3, then X is a complete intersection Wr\ Ur\ H, where H is a hyperplane and U a hypersurface of degree l.
For the proof, let us first give a lower bound for k s above. To do that, notice that Ν Μ p6 ( -1) is generated by global sections. For every rank 3 vector b ndle E there is an isomorphism between £* and A 2 E(detE*). In particular, we have
is generated by global sections, so we have that , p« ® ®M (k + 4) is globally generated. In particular,
We have, for any integer i:
where H M denotes the hyperplane section divisor on M . By self-intersection formulae, and Putting this together, we have
After dividing by ld and ordering coefficients, we see that is equivalent to
Note that so if d 2> 5, then one of the roots of the left hand side of (*) will be negative, and äs it is clear that k cannot be negative, k must be bigger than or equal to the positive root. This positive root is of course equal to d -4, äs c 3 (
So we proved the following
Proposition 2. For XcWc:P n äs above, the sectional genus of X is at least
Remark. Making similar computations with the inequality c 3 ( /^ p6 ( -1)) ^ 0, we will get that * <; d-f /-5. Equality holds if X is a complete intersection of type (d, /, 1). (In fact, the "only if " Statement is also true (see the remark in the end of Section 3).)
This proposition gives some results for small /. For example, if / = l, we get that the genus of C is exactly the same äs that of a plane curve of degree d, so C must be a plane curve and therefore X must be an intersection of W with a two-codimensional linear subspace of P". For very small / we can try to combine the proposition with the results on the genus of projective curves due to Castelnuovo, Halphen and Eisenbud and Harris. All of these results can be found in [H] ; here only the relevant parts are quoted.
Gase / SB 2. The theorem of Castelnuovo says that for a curve C in P 4 which does not lie in a hyperplane, we have
. otherwise , and äs the proposition shows, this condition is not satisfied by our C (a linear section of X), if deg C > 8. So C must be a space curve for d ^ 4, and therefore X, M, S also lie in a hyperplane.
Claim. M is then a complete intersection of type (d, /, 1) in P 6 (for any l and d).
In fact, it is a special case of Zak's theorem on tangencies (see for example [FL] , Theorem 7.1) that an intersection of a hypersurface and a hyperplane in P" has only finitely many singularities. So a general linear section S of M will lie in the non-singular inersection of a hypersurface and a hyperplane in P 5 , i.e. on a smooth hypersurface of degree d in P 4 . The Lefschetz theorem then implies that S and therefore M, X are complete intersections.
For d^ 4 and /= l, 2, it is easy to verify that C must be a complete intersection, using, for example, Clifford's theorem and the fact that C is subcanonical.
Case / = 3. Similarly, the result of Eisenbud and Harris states that a curve C of degree at least 9 in P 4 which does not lie on a cubic surface must satisfy
and that equalities in the above inequalities imply that C lies on a quartic surface if deg C ^ 11. Together with Proposition 2, it gives that C lies on a cubic surface in P 4 if degO 24. This cubic surface is either a hypersurface in P 3 , and then X lies in P 11 "" 1 , so we are done, or the Hirzebruch surface F v . The latter is an intersection of quadrics, and we can lift these quadrics to quadrics containing X using linear normality of X and the exact sequences of ideal sheaves s in the beginning of this section. In the next section (Theorem 3) it will be proved that if X lies on a quadric, then A" is a complete intersection Wn Υ for any / and d ^ 3.
The remaining case, i.e. d ^ 8, can be checked directly. For example, if </= 8 and C does not lie on a cubic, we must have equalities both in Proposition 2 and in the EisenbudHarris inequalities, so C must lie on a quartic surface. As C is linearly normal and we may assume that it does not lie in P 3 , the quartic containing C must have the same properties, where by the "linear normality" of a Singular quartic we mean that it is not a projection of a quartic surface in P 5 . The classification theorem for projective varieties of degree 4 ([S-D]) gives that the only linearly normal quartics in P 4 not lying in a hyperplane are intersections of two quadrics. So the result follows from Theorem 3 again.
Also, one can remark that ifk>d-4, then by the theorem of Eisenbud and Harris we will get that C must be on a cubic for deg C> 12 and on a quartic if deg C = 12, so we have to deal only with the cases k = d-4, i.e. & C (K C (d-3) , or deg C = 9. These examples are easy to work out separately using linear normality, the Riemann-Roch theorem and the self-intersection formula for S in a smooth degree d hypersurface in P 5 . This, together with the next section's Theorem 3, finishes the proof of Theorem 1.
The case of large dimension: varieties lying on quadrics
In the previous section, it was remarked that if our smooth codimension-two subvariety X of a smooth hypersurface W in P" lies also in a hyperplane P" ~ *, then for any / and </, X is an intersection of this hyperplane, our original hypersurface and some other hypersurface of degree /. Here we would like to prove the analogous Statement for X lying on a (possibly singular) quadric: Proof. Notice that this quadric β cannot have a singular locus of dimension bigger than one. In fact, otherwise β has a reducible hyperplane section, so M must have a hyperplane section lying in the union of two P 4 's. But Pic(M) £ Z, generated by Θ Μ (1), so every hyperplane section of M is irreducible. This means that M has a degenerate hyperplane section and so itself must lie in a hyperplane, a contradiction.
TheoremS
So β has at most a one-dimensional singular locus. In case # (Sing ) π Μ < oo, the assertion of the lemma is clearly true (c 3 is then the number of points in (Sing β) η M, counted with multiplicities), so the remaining case is when Sing is a line L lying on M.
Easy computations with partial derivatives show in this case, that the section S Q of Af,P 6 (2)> induced by , vanishes along this line L scheme-theoretically (see Appendix). Applying excess intersection theory ( [F] , Chapter 9) to this Situation, we get (here s 0 denotes the zero-section of E): 
N MtE is, of course, E itself, so and £ 3 OV2 v pe(2)) = 1. This proves the lemma.
Proposition 5. //X lies on a quadric and d>2, then the sectionalgenus g c of X is
at least -(</-3 + -j degC + 1.
Proof. Recall from the previous section that
So Lemma 4 gives Therefore, the section / either vanishes exactly in codimension two, or the zeroscheme of this section is empty. It follows that the cohomology class of this zero-scheme isequaltoc 2 (A2 tK (2)).
From the exact sequence (*) we get
The left hand side is non-negative by Lemma 4, and the right band side is non-positive if d Φ l . Hence, if d > 2, we must have that is, MnSing(Fn ) must be empty. This proves the lemma.
So we have that the surface Σ = Fn β η P 4 is non-singular for a general P
4
. As Κ Σ = (ΰ Σ (ά-3) 9 Proposition 5 implies, for C = M n P 4 <= Σ:
For H a hyperplane section divisor on Σ 9 this gives
By the Hodge index theorem, equality holds and C is linearly equivalent to -H. As Z is a complete intersection, it is projectively normal and H is not divisible in Pic (Z) . It follows that / is even and C is a complete intersection of type i d, -, 2 l in P 4 . This finishes the proof of Theorem 3. ^ '
Remark. One can prove the following general Statement for smooth codimension two subvarieties X, K x = 0^(0» of a smooth hypersurface Wc: P", n ^ 4, of degree d: The idea is to consider the vector b ndle E on W such that the restriction of E to X is N XtW (given by the Serre construction) and to notice that cj (£") ^ 4c 2 (E) . Then we can produce subsheaves of E with high C A : if c\(E) > 4c 2 (£ l ), use a version of Bogomolov's instability theorem ( [B] ), if cl(E) = 4c 2 (E) , take a shift E' of E such that CiC/?') = c 2 (E') = 0 and use the fact that a rank-2 b ndle with trivial Chera classes on a simply connected Kahler variety cannot be stable (this is a consequence of the KobayashiHitchin correspondence ( [LT] ): if the b ndle was stable, there would be a Hermit-Einstein connection; one can show that the vanishing of the Chern classes implies that this connection is flat (see e.g. [K] , Chapter 4, Corollary 4.13); now one can extend a local flat (holomorphic) section of the bündle to a global one because of the vanishing of . These subsheaves will give sections of J x w (i) with small / via the exact sequence
and a simple computation will yield the result.
However, I do not know how to obtain such an estimate for / except in a few simple cases worked out in this paper. Proof. We follow the argument of Hartshorne [Ha] . To begin with, notice that by the usual Barth-Larsen theorem we have:
This implies that H 2 (X, Z) is torsion-free and therefore H 2 (X, Z) is a lattice in H 2 (X, C).
Let j:X-*W\tä the inclusion map. As in [Ha] , we conclude from the hard Lefschetz theorem that j^ : ( W, C) is injective for / ^ 2. It is clear that j+ takes the algebraic part of the integral lattice in H 2 (X 9 C) to the algebraic part of the integral lattice in H 2n (W, C) . But the latter is one-dimensional by the Noether-Lefschetz theorem, so we have that Pic(X) is isomophic to Z (Pic°(X) is zero because H l (X,Z) vanishes).
It remains to show that the hyperplane section class is not divisible in Pic(X ). It will follow if we prove that Remark. If we take an arbitrary smooth hypersurface instead of a generic one, the assertion of the theorem is not true, äs the example in the Introduction shows.
Corollary. The results ofthe previous sections are also validfor X a smooth fourfold and W a generic hypersurface of degree at least three in P 7 .
A remark on curves on generic hypersurfaces
Let now K be a generic hypersurface of degree d 0 2; 6 in P 4 and let C be a reduced and irreducible curve on K The purpose of this section is to remark that C is a complete intersection of V and a surface, if deg C does not exceed some quadratic function of d 0 :
Proposition 9. If V, C are äs above, then C is an intersection of V with a surface, provided that deg C ^ ~|.
Proof. An estimate for the (geometric) genus of C is obtained by Ein ( [E] For the proof, we use the theorem of Ciliberto, Chiantini and di Gennaro ( [CCG] ), bounding the genus of curves in projective space which do not lie on a surface of degree less than /, under the condition that the degree of the curve is much bigger than / (deg C^ 12 1 2 if CcP 4 ).
However, the (sharp) bound of [CCG] is very complicated because it has to count with the divisibility properties of deg C and i, and it is not necessary for us to use it in its füll strength because the condition degC^ 12 1 2 will not allow us to approach a sharp bound for our Situation anyway. So here we only quote a weaker version of the result: formulae for the genus we will get that C does not exist if r <; ~, and is a plane curve otherwise. The lemma is proved. Now we proceed by induction. The curve £>, residual to C in the intersection of F and F, has degree less than d. D is some configuration of (possibly non-reduced) irreducible curves, but the number of possible such configurations is finite, so one of them must also lie on a generic hypersurface of degree d 0 (the other ones being its specifications), and therefore the same holds for the reduction of each irreducible component of it. Let F be the reduction of some such component. By induction hypothesis, Fmust then be a complete intersection of this hypersurface and a surface F'. We have deg Υ < d 0 and deg F = d 0 deg F'. But F also lies on F, and Υ and Y' do not have common components (we can take Υ irreducible), so we must have degF^ degF· degF'< </ 0 degF', a contradiction.
IfC does not lie on a surface of degree less than t and ifd
Remark. This bound is of course far from sharp and can be improved already by refining the argument in the lemma. However, for a significant improvement the condition degC^ 12r 2 in the theorem of [CCG] must be replaced by a weaker one. Working out the example of Voisin [VI] 
